cgenthshnln
e S TS ATHAT
(Qananara L)

.. o i O @D

An NHRD Preject undar its Nasional Misaicn on Education theoughl ICT (NMELCT)

Subject:

Physics

Production of Courseware

Paper No. : Physics at Nanoscale - llI
Module : Calculation of Density of States (DOS)

Physics at Nanoscale - Il

Physics

Quantum Mechanics and Nanoscale structures




o] e

Subject Name Physics

Paper Name Physics at Nanoscale - 111

Module Name/Title | Quantum Mechanics and Nanoscale Structures

Module Id

Physics at Nanoscale - Il
Physics

Quantum Mechanics and Nanoscale structures



o] e

MODULE 111
3.3  Calculation of Density of states (DOS)
3.3.1 DOSin3D
3.32 DOSin2D
3.3.3 DOSin1D
3.3.4 DOSin0D

Physics at Nanoscale - Il

Physics

Quantum Mechanics and Nanoscale structures




é athshala
o & TS ATAT
4

Physics at Nanoscale - Il

Physics

Quantum Mechanics and Nanoscale structures




o] e

CALCULATION OF DENSITY OF STATES (DOS): Quantum Wells, Wires and

Dots
3.3.1 DOS for 3 dimensions (Bulk)

Consider the volume in "k" space

where for a particle in this space
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Figure . Electron state is defined by a point in k-space.

Note that the 27 arises from the constraints of periodic boundary conditions as proposed to the more

general nt where n=0, 1, 2, 3... The volume of a given mode is then= k,k, k,. The number of modes

(N) in the sphere is,
174 . gTEk3

" kykyk,  8m3

LeLyL, (3.46)

Say the particle in an electron and we consider spin (up and down), then we multiply N by 2.
’ %nkg’
N' = 2N = ZWLxLyLZ

k3
= Ly L, (3.47)

is the total number of states in sphere. Now consider the density
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k3
~ 3m2
is the number of states per unit volume. Now consider the energy defined as
k3
_dp_4(Gm) 1 aw
~dE  dE  3m? dE
2mE
k= |70
Therefore, (3.48)

Ep E

Figure . Density of states in 3 dimension (Eq.3.48)

3.3.2 DOS in Two Dimensions (well)
Here we have 1D that is quantized. Let's us assume it is the z-direction. The total energy of this system
is a sum of the energy along the quantized direction plus the energy along the other 2 free directions. It

is expressed as

21,2 21,2
Ep ="K MK —p 4R, (3.49)

2m 2m

wherek? = ki + k3 and k, = :—” Consider now an area in k-space
Z

A = tk?

where for the particle
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kx = Z
21
ky = E

The area of a given mode is then k, k,, with the total number of modes (N) in the area being

N_nkZL L k2L, L,
42 TYTY T Aq

Again if the particle is an electron and we consider spin, multiply by 2 to get

2
N'=2N =" (3.50)
Consider now density, p = N k—z, and we have k = Z";E
LyLy 27 h
And the energy density is defined as
, _dp _m
P = 4E ™ T2

This is the energy density of the sub-band for a given k, or (En). For each successive k, there will be an

additional % and hence another subband. Therefore the density of the states is written

Pip= 3 2n O(E — Ey) (3.51)

Where © is the heavy side function.

p(E) .

m“’

lowest subband
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Figure Density of states in 2 dimension. Shaded area presents occupied states.

3.3.3 DOS in One Dimensions (Wire)
Consider now the situation where there are two dimensions confined and only 1 degree of freedom (say

the x-direction). The total energy of the system can be written as

__ h2kZ | n2kZ | h%k?

Er ==+ —2+——=FE,+Epn+E (3.52)
where
21
k=k,= L_x

Furthermore along the confined directions,

k, = ’Z—” and k, = ? and m, n are integers. Consider a length 2k. The number of modes along this
z y

length is

N:%:ﬂ:% (3.53)

ke (27)
Number of states along the line
Now if we consider an electron again, ensure to take into account the spin degeneracy
_ 2kLy
Vs

N' = 2N

Now a density is

p= sz_ =2k = % Z;IZEis the number of states per unit length.

x T
, _dp 1 |2m
P =4E ~ 7 |En?

This is the energy density for a given n, m value, the expression taking into account all m, n combination

Consider the energy density

is

, 1 ,2 1
plD; h_TZn,m\/ﬁe(E_En,m) (3-54)
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lowest subband E

Figure Density of states in 1 dimension. Shaded area presents occupied states.

3.3.4 Zero dimensions (Quantum Dot)
Here since all three dimensions are confined. The density of states is basically a series of delta functions.
The total energy of the system is

_ h%k% n h?k3 n h2k2

Er =2+ +—Zt=Ey+E, +E (3.55)
where m, n, o are integers and
k _mn K _mn K _mn
LY L, L,
The density of states is
Pop = 6(E - Em,n,o) (3.56)

10
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3.3.5 More density of states

Density of states in the conduction band

For this we need to know the probability that an electron will occupy a given stats of energy E. The
Probability, P(E), is referred as the Fermi Dirac distribution. In addition we need to know the density of
states (p'). The density of states has units of number of unit volume per unit energy. Therefore p'dE is

the number of states per unit volume. The number of occupied states at a given energy per unit volume
is therefore

ne(E) = P.(E)p'(E)dE (3.57)
where the Fermi Dirac distribution is
P(E) = —5— (3.58)
1+e kT

Here Ep is the Fermi energy.

the total concentration of electrons in the conduction band is therefore the integral over all available
energies

nr = [y, Pe(EDp' (E)AE (3.59)

whereE.. is the energy where conduction band starts. For the case of three dimensional material

3

o' =— () VE (3.60)

T 212 \ h2

Taking account into conduction band begins, the density of states can be written as

11
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P =5 (R VEE @81
the total concentration of electrons in the conduction band is given as ny =
3
1 (2me\2 o 1
s () f —=y E—EedE (3.62)
1+e kT

The integral is called the Fermi integral or Fermi Dirac integral.

Consider the case where, E — Er > KT and the Fermi Dirac distribution function becomes

1 1 _E-Efp

Pe(E) = = = e kT

E-Ef E-Ep
1+ e kr e kT

which is the Boltzmann distribution law. Therefore

3
1 (2me)\z oo -EEF
np = — (e [Te” w JE — E.dE (3.63)

E,:fc, such that E = E, + xkT and dE = kTdx. Note also that the

limits of integration will change accordingly. This leads to

3
1 /2 2 [ _[(E-E)+(Ec-EF)]
() [ e VakTdx
0

r = 2m% \ h2

Now change variables and let x =

3
1 (2m kT\z [©
- (Y [ e
h 0

n = —
T~ o2

fE°° e ~*+/xdxis gamma function equal to T G) therefore

3
1 2m kT\z _(Ec-Ep) /3
"C="T=—( ) e F(E)

22\ h?
3
_ 1 (2mekT\z (3
e (e ) o
_(Bc—EF)
n,=np = Nge kT (3.65)

This is the expression for the effective density of states of the conduction band.

Density of states in the valance band

The number of holes at a given energy per unit volume is given as
12
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np(E) = Pp(E)p'(E)dE (3.66)

where we use the relation
P(E)+Py(E)=1
1

E-Ef

1+ e kr

P(E)=1—

and the density of states is

3
, 1 (2 2z
o =5 () VE - E (367)
Where Ev is the energy where valance band starts. The total concentration of holes in the valance band

is the integral over all energies.

Ey
pr= [ PO E)E

3

1 (2mp\z (Ep 1
b o o (1 ~—Fm )va Nl (3.68)

1+e kT

Since generally speaking E<Er

3
1 (2mp)\2 (Ep 1
pr =5 (5") f-oo<1—1+e_@ ) Ey — EdE

kT
3
1 (2mp\z (E, -EEZE
pr == (258) [* e~ \[E, — EdE (3.69)

As with the conduction band case earlier, make a change of variables by letting, x = % as well as

E = E, — kTx and dE = —kTdx. Note that the limits of integration change accordingly resulting in

3
1 2mp\z (© _l(Ep=Ev)+(Ev-E)]
pr = 2_712( e ) fm e kT VkTx(—kT)dx

3
1 /2m,kT\z _(Er-E) (©
“ga(T ) ¢ [ e
3
1 f2mikT\; _(EF~E) /3
pr=5m(F) e (3) (3.70)

_(EF-E)
p7.:: Ahje kT

Pr
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This is the effective density of the states in the valance band.
Summary
Fermi level of an intrinsic semiconductor
If the bulk semiconductor is intrinsic, there has been no doping of the material and hence no extra
electrons or holes anywhere. in this situation

=DPv
therefore

(Ec EF) _(Ep=E)

NCe = N e kT

3
_(=Ec+Ep+Ep—Eyp) my\z
e kT =

me
Ep = 222 1 2 eTn (L) (3.71)

One can therefore see that at T=0 the Fermi energy of an intrinsic semiconductor is at the halfway

point between the top of the valance band and the bottom of the conduction band.

Density of states in the conduction band
We start with the Fermi Dirac distribution for electrons and also the density of states

pZD_ h2 Zn e(E En) (3-72)
Consider only one of the subband. In this case the density of states simplifies to
Pap= 5 (3.73)

Now recall from the previous section that the number of states at a given energy per unit volume
ne(E) = P(E)p'(E)dE
the total concentration of electrons in this first subband is the integral over all available energies. Rather
than use ntot as before let's just stick to nc from the start
= f;: P,(E)p'(E)dEdE (3.74)

Where P,(E) = é_EF is the Fermi Dirac distribution. Therefore we have

1+e kT

14
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n, = ﬁ E. ﬁdE (375)

Since the band really begins at en as opposed to Ec like in the bulk the integral change from

if now E-Er>>kT

_E—EF
ne = -2l e |2 (3.76)

this leads the final expression to the carrier density of the nth subband i.e.

mekT —En=EF
c = kT
h2

(3.77)

Density of states in the valance band
As with the conduction band case we need the probability of occupying a given state in the valance
band. This denoted P}, (E) and is evaluated from
P.(E) + Pp(E) =1
Therefore
1

E-Ef

1+e kT
The number of states at a given energy per unit volume

np(E) = P(E)p'(E)dE

P(E)=1—

If, as in the conduction band case, we consider only the n'" subband p’ = % and for the simplicity the

first. The total concentration of holes in this first subband is the integral over all energies. we get

Ey
po=| P B

— M (Ev <1 - +EF) dE (3.78)

h2 J—oo E-Ef
m 1+e kT
15
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Since the n" subband begins at E,, rather than E,, therefore
En 1
Py = % oo <1 - E) dE (379)
1+e KT
and since for the valance band E < Ex
En 1
1+e kT
mh En _EF—E
Py = Wf_oo e kTt dE
Ep—En
y = M o~ (3.81)
Fermi level position :2D
The procedure for finding the Fermi level position is the same as in the 3D
Consider a spherical volume of
4
V, = —mk3
k=3 n
The volume of a given mode was, recall k, k, k, where
. 21
X Lx
b = 2m
y Ly
I = 2r
z — LZ
The number of modes or states in the given sphere is then
Vi %nk3
kykyk, ~ 8m3 XV
For an electron, multiply this by 2 to account for spin we have
3
N'=2N = o—LiLyL,
Now the density is
16
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p

is the number of states per unit volume and the energy density is given as

3

, dp 1 /2m\2
o =r=5m(5z) VE
, _dp k?
P2 =0k " 72

Divide by 2 to go back to only 1 spin orientation since in an optical transition spin slips are generally
forbidden
! kz
p1 = )
The expression applies to either conduction band or valance band. Applying the following equivalence

p;(E)dE = p;(k)dk

) (E) = ph(0) T
_ Ak
2n% dE

wherep; is the desired joint density of the states. Now from the conservation of momentum, transition in
k are vertical such that the initial k value in the valance band is the same k value as in the conduction
band (ka=ko=k) where ka is the k value in the valence band and kb is the value in the conduction band.
The energy of the initial state in the valance band is
h2k2
2my,

E,=E,—

Likewise the energy of the final state in the conduction band is

E, =E.+ hk,
2m,
The energy of the transition is
E=E,—E,

17
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E=(E.—E,)+ 7. + 2
T FLLERNEL
- 2 \m, my,
d_E _ w2 m, +my
dk m,my,
leading to the desired expression
dk 1 ( m,my )
dE _ h’k m, +my
Since
k% /dk
b8 =52 ()
k2 1 / m,m,
piE) = 5k (me T mh)
k
p] ( ) th
Where for notational simplicity we have used the reduced mass
y MmeMp
R —
Therefore
h2k?
E=E
g + 2.“
,/ZM(E - Eg)
k = SEEe—
uk
p}( ) = 2h2
7
= OmZh3 ,/ZV(E - Eg)
18
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1 /2u\2
= () (B = E2)

2D Well
Area in k-space
A, = 4nk
Where the area occupied by a given mode or state is k, k, .Here we assume that k, represents the

confined direction

I = 21
y Ly
I = 2m
z LZ
Together, the number of modes in the area is
- Ak _4‘7Tk2L L —kzL L
kyk, Am? VTF T @V
Multiply by 2 to account for spin
2k?
N' =2N=—LyL,
Now consider the density
N 2k?
PoLL,  «
With the energy density given by
;L dp _m
P=4E ~ w2
dp 4k
dk
Starting with the energy density
, _dp 4k
P=a™n

Divide by 2 to get rid of the spin since formally speaking, spin flip optical transitions are forbidden
19
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Now applying the following equivalence
p;(E)AE = p3(k)dk

One obtains

dk
p;(E) = p1(k) aE

2k dk

p;(E) = — dE

wherep; (E) is the desired joint density of states. As before in the 3D case, the conservation of
momentum means that transition in k-space are vertical. That is the initial k value in the valance band
is the same as the final k value in the conduction band (k, = k; = k) where k,(k;) is the valance
(conduction) band values.
The energy of the initial state in the valance band is

h2k?

Eq = Eynp — 2m,,

Likewise the energy of the final state in the conduction band is
h?k?
2m,

E, = Epy —

The transition energy is
E=E,—E,
hok” (=-+-1)
2
h2k?

E=FE,—E,+
nil n2 m, my,

This leads to

Or

20
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Such that when replaced into our main expression the desired expression for the joint density of states
is
py(E) =
1D wire
Consider the length in k-space
Ly =2k
The length occupied by a given mode or state is k, where
o
X Lx

The number of states in the given length is
Ly 2k KLy
k, 2 0w

Multiply this by 2 to account for spin, we get total number of states as

N =g K
2r T
Consider the density ie number of states per unit length
N' 2k
p= E I
And the energy density is given by
, dp 1 Zm 1
PTaE” ;jh:z’f 2
Or alternately
dp 2
dk w
Starting with the energy density
, dp 2
2= " w

21
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Divide by 2 to consider only one spin orientation since spin flip transition are generally forbidden
P2 _1
P1 2 1

Now apply the following equivalence

dk
p;(E) = p1(k) aE

1dk

p;(E) = T

wherep; (E) is the desired joint density of states. As before in the 3D and 2D case, the conservation of
momentum means that transition in k-space are vertical so that k, = k; = k) where k,(k;) is the
valance (conduction) band values.

The energy of the initial state in the valance band is

h2k?

2my,

E, =:Em1n2_'

Likewise the energy of the final state in the conduction band is
h2k?
2m,

E, =AEan1"

The transition energy is
E=E,—E,

h%k? /1 1
E'=:Ean1_'Emzn2+' 2 (;£;+;E;)

h2k?

E=E
g'+ 2#

This leads to
dE B h2%k
dk  u
Or

dkeu
dE  h2k

22
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Such that when replaced into our main expression the desired expression for the joint density of states
IS
u 1

PilE) = park

Now to continue towards our final expression we express k fully. Since
h2k?

2p

E=E,+

1 h

./zﬂ(E L Eg)

This leads to the final expression for the joint density of states

p/(E) %EJ(;——E)
)
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