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3.1 CONFINEMENT

The properties of materials are strongly influenced by the size of the particle. For example Carbon
is a non-metal but when considered at the nanoscale single layer allotrope of carbon i.e. Graphene is one
of the best conductors. The phenomenon that can be used to explain the size dependent characteristics
of materials is Quantum confinement.

Quantum confinement effects are generally observed when the size of the particle is small and
comparable to the de Broglie wavelength of the electron. The effect describes the phenomenon resulting
due to squeezing the particles (electrons and holes) into a dimension that approaches a classical limit so
that various quantum effects are manifested. In this regime, energy of the particle is no longer continuous,
but discrete.

Quantum confinement effects are observed in low dimension, two, one or zero dimension. When
a particle is confined in two dimension (2D) or in a plane, then particle’s motion is quantized along the
direction of confinement, say z-axis and the particle motion is classical i.e. is free to move in the x-y
plane. The systems in 2D is also known as “quantum well”. In case one dimension (1D), particle’s motion
is quantized due to confinement in 2D (say in x-y plane) and classical in 1D along z-axis. The system
in 1D is also known as “quantum wire”. In case of zero dimension (0D), particle’s motion is quantized
in all three dimension due to confinement along x,y and z directions and known as “quantum dot”. In
these systems, the spatial dimensions are of the order of the de Broglie wavelength of the carriers and

therefore, the carrier energy states become quantised. As a result, the electronic, electrical and optical
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behaviour of the carriers are governed by quantum mechanics along one dimension, two dimension and

all three dimensions in quantum well (2D), quamtum wire (1D) and quantum dot (OD), respectively.

Calculation of eigenstates and eigenvalues for different system

The particle’s motion in quantum wells, wires and dots can be described using the analogy to a
particle in 1D box, a 2D box, and a 3D box, respectively. The energies of the carrier along the direction
of confinement are no longer continuous as in the case where there is no confinement. The emergence
of discrete states from continuum states is the most fundamental signature of nanomaterials or
nanosystems. One has to solve the Schrodinger equation of the carrier to find out particle’s eigenvalues
and eigenfunctions. This is achieved by solving differential equations with particular boundary

conditions which can be used to predict the actual shape of a quantum well, wire or dot.

3.1.1a Particle in 1D infinite box

The potential is

oifx<0
V(ix) =<50if0<x<a (3.1)
oifx=>a
V= V=
F Y
=0
x=0 x=a

For this the boundary conditions are
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Y@O0)=0
(3.2)
Y(a)=0
The Schrodinger equation to solve is
h? d?y
Rearranging to yield in the box region where V=0
dy 207 _
—= T k¥ =0 (3.4)
Where k? = T—ZE and general solution is
Y = Ae'** 4+ Be~tx
Applying the boundary conditions
Y0)=A+B=0->B=-A
Y(a) = Aek® — ge~ka =
This leads to
2isin(ka) =0
_ n2n?
E=_—— (3.5)
And by normalizing the wave function we get,
2 . fnm
Y(x) = \/gsm(Fx) (3.6)
al | V3 it A A
YA ¥, /_—\ — /—\ 2.[~X./_\._‘f..".
\ \\J/ v {
L \F o i / N\
S — ,: \\ / w \'u/ \{
i i ; |
:. v v ': /'/—<\~_ VIZ: ___/ /—\_
w o Eoe L 0 s— L
E v yry
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Particle energies, wavefunctions, and probability densities forn =0, 1 and 2.

3.1.1b Particle in a 1D finite box
From quantum mechanics we know that as the potential is zero inside box, the solutions in the
box region will be wavelike and in the barrier region the solution will be exponentially decaying. The

potential is
V ifx<0
Vix) =<X0if0<x<a (3.7)
Vifx=a
]
Vix)=V Vix)=V
Region 2
Region 1 V=0 Region 3
x=10 x=da

The solutions in the three regions indicated are
Y, (x) = AeP* + Be B
W,(x) = Ce*™ + pDe~tkx (3.8)
Wi(x) = FeP* + De P>

Where 8 = /Zm(hz_E) and k = /Z;ZE

By applying the boundary conditions, B=0 and F=0 due to finiteness of the wavefunction outside the

box, we get

W, (x) = AeP*
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V,(x) = Ce™™ + De~tkx (3.9)
Y,(x) = De B*
Now by applying the boundary conditions at the interface, one gets
¥1(0) = ¥,(0)
¥{(0) = ¥;(0) (3.108)
¥, (a) = ¥3(a)
¥2(a) = ¥3(a)
We have
A=C+D (3.10b)
AB = ikC — ikD
Ceka@ 4 De~ika = Ge—Ba
ikCe™ @ — jkDe~ @ = —BGe~P2
We have
1 -1 -1 0 A
lg ;,‘f: e_klak O_e s || 2]=0 (3.11a)

0 ikek® —jke k@ BePe/ \D
Here either we get the trivial solution where A=B=C=D or that the determent of the large matrix is zero

1 -1 -1 0
B —ik ik 0
0 eika e—ka _eﬁ’a =0 (311b)
0 ikeka —ijke~ka Beha
To simplify the determent we have apply the following path as
—ik(row 3) + (row 4) - (row 4)
1 -1 -1 0
B —ik ik 0 3
0 eika e—ka —eba =0

0 0 —2ike*@ (B +ik)e P
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Followed by
_B — ik (row 2) - (row 2)
e~ (row 3) - (row 3)
This gives us
I ~1 I
1ol B+l 0
0 _1 (B~ ilo) —e-a(B+ik) | = 0
00 e 2 (4 ik)e=Pa
—2ike~tka g
And final steps are
(TOW 2) + (TOW 3) - (T‘OW 3)
—(row 2) - (row 2)
Giving
-1
1 -1 (B +ik) .
0 -1 B — ik) o | 0
00 —2ika (B + ik) _eaB+i) | =
’ €T T BTy BHikehe
—2ike~tka
And finally we get
2
o ik)e_Zika_ﬁa (é-l- l];()) — 2ike—2ika=Ba —
l

(ﬂ _ lk)Ze—Zlka — (3 + ik)z
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—(B —ik)?e~ka 4 (B + ik)?etke
This gives
2Bk
tan(ka) = 57 (3.12)
And finally we get
tan( 2mE a) _ 2/E(V-E) (3.13)
h2 2E-V '
3.1.2 Particle in 2D box
3.1.2a Particle in a rectangular box
The potential is
Y V= w oifx<0;,y<0
V(x,y) =40if 0<x<a; 0<y<b (3.14)
ifx>ay=>
V= V=0 V= ©ifxzay=b
> X
0 V= o a
The Schrodinger equation to solve is
h? [( d? a?
=Gt 5) H V| Py = B ey (3.15)

Let us consider solution of above equation is ¥ (x,y) = ¥, ¥, ; where ¥, , ¥, are the functions of x and
y only.
Substituting the solution in eq. 3.15 and rearranging the terms to yield in the box region where V=0, the

eq. 3.15 becomes

_ (idzlpx 1 dzavy)] E (3.16)

2m |\ ¥, dx? vy, dy?
Let us consider E = E, + E,, and using variable separable method for a rectangular box eq. 3.16

transforms into two equations each consisting of one variable only.
d2

dx,j + kY, =0

10
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ddz;”zy + k%W, =0 (3.17)
Where k,* = Z’Zf “and k,” = 21:5 2. The general solution for the above equations is
¥, = Ae"* + Be~thaX; W, = Ce'*yY 4 De~thyY
For this the boundary conditions are
w.(0) =0
Y.(a) =0 (3.18)
¥,(0) =0
Y,(b) =0
Applying the boundary conditions
Y (0)=A+B=0-B=-A
¥, (a) = Ae'*x® + Be~tkx@ =
This leads to
2isin(k,a) =0
sin(k,a) = sin(n, )
= k,a=n,m
> E =2l (3.19)
Similarly solving the equation for y, we get
_ n,%h?
Y 8mb?

Thus total energy,
nxz h2 nyZ h2

- 8ma? 8mb?

And by normalizing the wavefunction we get,
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Y(x,y) = \/%sin (nanx)\/%sin (nzf”y) (3.20)

3.1.2b Particle in circular box
Now, consider a circular box of radius R. The potential inside the box is 0 and outside of the box
is oo such that the boundary conditions for the wave function would be
Y(R,0)=0V06
Transforming the Schrodinger question from Cartesian co-ordinates to polar coordinates, the
transformation equations are
X = rcos6

y = rsinf (3.22)

Such that r=yx2+y2 and 6 =tan! G)

Transforming the partial differentiation in terms of r and 0,
5,6, ), 5), &)
ox/y,  \ox/,\ar/e ~ \ox/,\06/.
9) = () (2) + (%) (2
(5)x B ("y)x (ar)e J (6y)x (ae)r (3.22)

(6r) - (a@) 12

Using transforming equation,

a —6 = ET = cos6

And

y
Similarly considering x constant,
ar ]
(—) = sinf
X

(69) cos@

ay/, r
12
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Substituting the above results eq. 3.22 becomes
(6) B 6(6) sin@(@)
0x/ -8 ar/g r \do/,
(6) . 6(6) +cos@(6)
ay/ . —S\ar), T \aa),
The second partial derivatives will be
02\ _ e0s0(3),~7(55),)
(52), o (3:23)
(22 -2 ) 02
ayz/), ay '

<6_2> = cosf 0 (0039 (%)9 < sire (%)r) L sing [ 9 (Cose (%)0 _ si:e (:_e)r)
y

0x2 or " 06
i.e.
(62) 8,520 02 sinfcos6 9 sinfcosd 92 sin%0 a sinfcos6 92 sinfcosO 0 sin%0 02
d0x2 y by ar? T2 00 T arod r or T orof T2 a0 r2 062
(3.25)
Fory:

( 92 ) — sinf d (Sin9 (%)9 + @ (:_e)r) N sing (9 (sine (;_r)e + g(:_g)r)
X

ar r 06

(i) _ Sinzei __ sinfcosd 3 | sinfcos6 02 n coszei sinfcos6 92 __sinfcosd 3 n coszei
dy? X - or2 T2 20 T aroé r or r arob r2 a0 r2 002
(3.26)
Adding above two equations,
02 02 92 10 1 92
N () 22810 197 27
(axz)y + (6y2)x ar? + ror + r2 062 (3 )

Schrodinger equation for circular box becomes

13
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h? 02 10 1 0%
or?2 ror 12002

Fo 4 ) + ol Y(r,0) = E¥(r,0)

Considering the solution for the above equation,
W = Ry (r)etime

Substituting into Schrodinger equation,

h? (az R (1) | 10Rm(r) mz

" 2m or? r or

Ry (r )) = ERyy(7)

Rearranging above equation,

0?Ryy (r R (r 2m
r? ar:é( )+r Tg;( )+ (erz —lez) (@) =0

ZmE

Where =

This is form of Bessel differential equation. To change into standard form, considering the variable
r=kp
dpo 0 190
or 6p ar k ap
With k2e = 1=>k=\/§

The Schrodinger equation finally reduces to,

,0°R(p) aR(p)
+p
dp? ap

Taking the solution of the above equation to be

R(p) = Z ap'

i=0

+(p?> —=mP)R(p) =0

We have,

9R(p) _ a1
“ap '

i

1l
=

14
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d°R(p) Z
2 i(i— 1)a1p
9p i=2
This implies,
92 L .
p? a};(Zp) - Y i(i — Da;p' - 2a,0% + (3)(2)asp® + (4)(3)azp* + -+ @)
6
(p*)R(p) = im0 aip'™* > app® + a;p® + azp* + - ©

Now, we need Eq. (a) + Eq.(b) + Eq. (c) = 0 for the Bessel equation to be satisfied.

Gathering the coefficients of individual powers,

a, = —ay/2
((B)(2) +3)az = a4
> _ —a,/2
((4)(3) + 4)614 =—a; = ((4)(3) + 4)

This Bessel Function’s expansion remains an infinite series which never truncates. The quantization
occurs only with the boundary conditions i.e. at the perimeter of circular ring. At the boundary (r=R)

Bessel function should be zero, let us say it,p,. So,

_ R _ R
Po = k -
Z
and energy,
(@)2 o 2mE
R h?
Ground energy state will be,
h2
Eo = 2m (E)
Or,
_ h? (2.4048)2
7 2m\ R

Where p, = 2.4048 is the first root of Bessel function.
15
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3.2  Particle in 3D box

3.2.1a Particle in an infinite cubical box

Let us consider a general case i.e. a box with dimensions a, b and c:
The potential is

0ifx<0;,y<0;z<0
V(x,y,2) =3 0if 0<x<a; 0<y<b;0<z<b (3.28)
oifx>a;y=2b;z>c

16
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The Schrodinger equation to solve is
h? [( d? d?
——(G++ —) +V (Y, D)|¥xy.2) =E¥(xy,2)  (329)

Let us consider solution of above equation is ¥(x,y,z) = ¥, ¥, ¥,; where ¥, ,¥, and ¥, are the
functions of only x, y and z respectively.
Substituting the solution in eq. 3.29 and rearranging the terms to yield in the box region where V=0, the

eq. 3.29 becomes

2
_ﬁ (idijx +Ld le 1 d lluz):l E (330)

2m |\¥, dx? vy, dy? 'I/Z dz?
Let us consider E = E, + E,,+E; and using variable separable method for a rectangular box eq. 3.30

transforms into two equations each consisting of one variable only.

dZ

T2 +k ‘I’ =0

azy,,

oo T W =0 (3.31)
“’Z+k @ =0

2mE. 2mE; 2mE. . . .
Where k,* = ':2 * k> =—Zand k,” = 7:2 ZThe general solution for the above equations is

P, = Ae'fx + Be‘”‘xx; Y, = Ce'™Y + De~yY; W, = Me'ksZ 4 Ne~ikzz

For this the boundary conditions are

w.(0) =0

¥.(a) =0 (3.32)
¥,(0) = 0

¥,(b) = 0

¥,(0)=0

Y,(c)=0

Applying the boundary conditions
Y.(0)=A+B=0-B=-A4
Y. (a) = Ae'*x® 4+ Be~tkx@ =

17
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This leads to
2isin(k,a) =0
sin(k,a) = sin(n,m)
= k,a=n,m

n,2h?

8ma?

=>E, =
Similarly solving the equation for y and z, we get
_ n,%h?
Y 8mb?2
n,%h?

8mc?

z

Thus total energy,

E - nx2h2 lezhz nZZhZ
8ma? 8mb?2 8mc?

(3.33)

and by normalizing the wavefunction we get,

Y(x,y,z)= \/gsin (nanx) \Esin (nzf”y) \/%sin (nzTnz) (3.34)

Foracube:a=b =c

(nxz+ny2+nzz)h2

Energy: E

8ma?

Y(x,y,z)= \/gsin (% x) sin (% y) sin (% Z)

3.2.1b Particle in a spherical box

Let us consider a spherical box of radius R. The potential inside the box is 0 and outside of the box is o

. 0 if0O<r<R
i.e. V(r)={ oc{ifr>R

such that the boundary conditions for the wave function would be
Y(R,0,¢) =0V, ¢

18
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Transforming the Schrodinger question from Cartesian co-ordinates to polar coordinates, the

transformation equation are

x = rsinfcos¢

y = rsinfsing (3.35)
Z =rcosf
= [x2 24,2 — tan-1(Y '
Such that r=4x?+y?+z2 and ¢ =tan (x) ‘ .
0 = tan_l <—“xz+y2) or 0 — Cos—l (E) I'ﬂ E
z r am, e\
Transforming the partial differentiation in terms of r and 0, / ) !
), =G, 6y, * @), )., * (50),.. (5p)
ox v,z d0x v,z ar 0,9 d0x .z a0 r.$ ox vz a¢ 0
0y () (2 26) (2 00\ (2
(a)z,x B (ay)z'x (ar)9,¢ v (ay)zlx (60)7«4) + (ay)zlx (a¢)r,9 (3.36)

2
&),
Using the transformation
02 +62 +62 16(26>+ 1 6(,96)4_ 1 02
dx2 dy? 9z2)  ~rzar\" ar) " rzsin6 a9 \°"" 86) T v2sin?6 a2

v,z z,X X,y

Schrodinger equation for spherical box becomes

h? 16(26)+ 1 6( 96)+ 1
2m|r2ar\" ar) " 7Zsing 06 sin 90) ' r2sin20 d¢p?

5.y 5o * G2, G, G2, ),

2

+0]‘P(r 0,9) =E¥(r,0,9)

Considering the solution for the above equation,
¥ =R(r)Y(6,¢)

Substituting into Schrodinger equation and separating the variables ,

_ ii 2 OR(M)\ 2 h? 1 0 ( . »0Y(6,¢) 1 0%v(6,9)\ _

R(r) or (T ar ) Zmr°E Y(6,9) (sine a0 (Sln9 a6 ) + sin20  0¢? ) =0 (3'37)
Let us consider

h? 1 9 (. . ,0Y(6,9) 1 9%Y(6,9) 2
Y(6,$) (sinO a6 (Slm9 26 ) + sin2  a¢? ) —L (3.38)

Substituting in eq. 3.37 and rearranging,

19
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h? 0 OR(r)
— Rl _ 2 2 _
R(r)ar(r ar ) 2mr°E + L 0
h? 0 ( 2 0R(r) L? _
N 2mr2R(r)5(r or ) T 2mrz E=0 (3'39)
Equations 3.38 and 3.39 are angular and radial equations respectively.
Considering Y(6,9) = P(O)F(¢)
Substituting in eq. 3.38
L? sing @ ([ 9P(9) 1 0%F(¢)
—sin%0 — — | sinf + =0
h? P(6) 06 a6 F(¢) 0¢?
Separating the variables,
2 .5 sinf 0 . 0P(0) _
-z sin 0 — %ﬁ(sme » ) =0 (3.40)
_1 9%F(¢) _
o) ot 0 (3.41)

Equations (3.39), (3.40) and (3.41) and the functions of only r, & and ¢ respectively.
Taking, Solution of eq 3.41 be F(¢) x ei™®

Eq 3.41 becomes,
h? 9%F(¢)
@) opr = b’ (3.42)
And eq. 3.40 becomes
L 9 (impglP@OY_mi _
P(0) a6 (SlTle a0 ) sin20 h2 (3.43)

Taking the substitution x=cos8, Eq. 3.43 becomes

d?p dp lLZ m?

— 2y _ - - =
(1 x)dx2 Zxdx+h2 (1—x2)P 0

Which is form of Legendre’s equation.

This equation will have a solution only if

LZ
2

ﬁ—mIZZO;l>|ml|

20
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The solution Legendre’s function will be

&%
201!

dl
Ph,(x) = (1—x?)Y2 W(x2 -1t

There angular part of the solution will be

Y,m, (6, 9) = P(6)F(¢) = Pi, (cosh).e™®forl > |m;|& 1> 0

Solution of radial part

h? 9 ( ,OR(r)

- _ 2 2 _
RG) ar r 0r> 2mr<E + L 0

Assuming u(r) = rR(r)

The radial equation reduces to

d’u (l(l+1) 2mE
dr? =< 2 he )”
Where L2 = [(1+ 1)

2mE
h2

Let us define, k? =

This equation is of the form of Bessel’s equation. R(r) are the spherical Bessel functions then,
u;(r) = arj(kr) + brn;(kr)

Where
() = p<1 d)psinx& () = p(l d)pcosx
) = (%) xdx) “x T =) xdx) x
Whenr = 0
2Pp! 2Pp!
. - — D ~ — _ ~ T (D)
Jp(x~0) =y ¥ A 0~ 0) = — G

The spherical Bessel functions are oscillatory in nature and have zero many times. The functions

n,(x) are not square-integrable at r=0, whereas the functions j,(x) are well defined in the entire
region. Hence n,(x) are unphysical, and that the radial wavefunction R, ;(r) is thus only proportional

to j,(x). The general solution of the Schrodinger equation is

qln,l,m (r,0,¢) = Rn,l(r) Yl,ml(g' ®)

21
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In order to satisfy the boundary condition at r=R, the value of k must be chosen such a way so that

z=KR corresponds to one of the zeros of j,,(x) and given by
kR = Zn,l

for n=1,2,3.

Therefore the allowed energy states will be

h2

E, =z, —=
n,l n,l ZmRZ

22
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