1. What is variation theorem ? Give a proof of the

variation theorem. How is it used to hnd out the approximate
soliition for a multi-electron system ?

Ans. Variation theorem : The Schrodinger's equation can b
solved exactly for hydrogen-like systems, i.e., single electron
systems only. However, for systems having two or more electrons.
the Schrodinger's equation can't be solved exactly because th
. presence of more than one electron introduces the electron repulsior
| . el L ) ,
terms, 1.e.,”~ where r; is the distance between it and jt electrons, i
ij
the Hamiltonian. The separation of variables can't be possible n0%

owing to the dependence of 7, on 6 and ¢ coordinates. Therefore, o
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Wt’mu paving MOTC than onc electrons, the Schrodinger's efquation
4 ;N l‘ ¢ i " ‘ = - y = S ¢ X J

o 0 be colved approximately. The variation method is one of the
it 35 for finding out the approximate solution of Schrodinger's

Zpth : a 4
el for o multi-clectron system.

equatiOn .
According 0 the variation lhcorgm, also called variation method,
. we oan make a gucss of an approximate wave function of a systerﬁ
pased On the physncal fmd chcrrfzcal considerations, then the energy
of the system is approximately given by
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Here W' is the complex conjugate of vy, the guessed
wavefunction for the system. If the wavefunction is real, y* = y, and

we can write.

A o ' ‘ '
(wlH|y) | |
Wlw) | | &
If the chosen function \ is normalised, then E can be given as
A | |

Where A is the complete Hamiltonian of the system. According
to the variation theorem, the energy E is always greater than the true
energy E,, the lowest eigen value of A , of the system in its ground
State. In other words, if we make several guesses of wavefucntions,
¥, and v, which lead to E, and E, respectively as eigenvalues
iccording to equation (1) or:(2) then, in accordance with variation’ -
Principle, if £ , < E,, E, is the better approximation to the true energy

E » \ = . o
o than £, Thus, the corresponding wavefunction ¥, is a better
Wave . i Ty ’ »
Vefunction of the system than ,.
The variation theorem may thus be stated as follows :

i h £y be the trial wavefunction of a syétem whose H

amiltonian
as 3 -
A discrete eigen'spectrum, then

WA |y)2E, (3
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Proofl of varistion theorem ¢ Les Oy 0, 0. O,

H¢,=E¢ri=0.|.2.3.
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Where £, is the lowet exact evpen valme of H assuming thy !

be the LT

. efc., respectively. Thm
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Now, v is expanded in terms of the set of ei gen functions ¢, as

v =ZC(¢:

Since {(y|y)=1, we have
% Cr=1

Moreover,
(q)i‘ﬁ |¢.')=Ef
and (6, H | 0) =E,(0/0) =0

Let us consider the integral

R |
E=(lH |w)=(x Co,| A |z C,¢)
2 3 ‘
=>;.C_',-‘(¢.-|H|¢,-)
=L C?E,
' i
If E,be the lowest eigen value of H, we can write
E-E,=3CE,~E,
=X CPE -2 CE, (- 3.C2= 1)
i i - ' '
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normalised and mutually orthogonal eigen functions of f -WF
discrete eigen valves such as E,, E,, E.. E, ..
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quanm\’ (E. - E,) must be positive or zero for all values of ;

2 is always positive, it 1s seen that the right hand side of

aﬂ slntf’ ¢/
<on (10) must always be positive or zero. It, therefore. follows
- equd
- that
E —Ey20
>k
or, E=2E,
A
or, (v[H|w)2E,

In other words, if the trial wave function y happens to be the true
| - wave function of the system in its lowest energy state, we get true
energy Eq Otherwise the variation method always gives an upper

bound to the true energy without giving any information regarding
how far the true energy is different from the calculated value.

. Determmatlon of approxrmate solutlon using - variation
method : o

~ Following steps are apphed for ﬁndm0 out approxrrnate solution -
 using variation method— ‘ .

(1) A trial function (\|I) 1S selected wrth some vanable parameters

(i) The 1ntegra1 (W | A | W) = E is evaluated

(iii) Since this integral always- gives an upper bound to the true
energy unless the chosen function y happens to be the exact solution,
the integral is minimised with respect to the variable parameters.

i (iv) The function V with the optrmum value. of the parameters is
¢ best apprommatron to the true wave function. ~

th(v) ‘The lowest value of (v | H | \u) is the nearest approxlmatlon
©true energy, for all trial functions belonging to the same class.



